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Abstrat
We study quantum information inequalities and show that the ba-
si inequality between the quantum variane and the metri adjusted
skew information generates all the multi-operator matrix inequalities
or Robertson type determinant inequalities studied by a number of
authors. We introdue an order relation on the set of funtions repre-
senting quantum Fisher information that renders the set into a lattie
with an involution. This order struture generates new inequalities
for the metri adjusted skew informations. In partiular, the Wigner-
Yanase skew information is the maximal skew information with respet
to this order struture in the set of Wigner-Yanase-Dyson skew infor-
mations.
Key words and phrases: Quantum ovariane, metri adjusted skew
information, Robertson-type unertainty priniple, operator monotone
funtion, Wigner-Yanase-Dyson skew information.
1 Introdution
Reently there has been a lot of eort going into the investigation of various
quantum information inequalities. We shall present a unied view that will
over most of the already known results and add some more. The notion
of metri adjusted skew information was introdued by the third author [9℄
as a measure of quantum information generalizing the Wigner-Yanase-Dyson
skew informations [18℄. The metri adjusted skew information is a onvex
funtion on the manifold of states and also satises other requirements, sug-
gested by Wigner and Yanase, for a measure of the information ontent of
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a state with respet to a onserved observable. These requirements inlude
additivity with respet to the aggregation of isolated subsystems and time
independene for an isolated system. One more requirement, super additiv-
ity, fails spetaularly [7℄ for all the measures, inluding the Wigner-Yanase
skew information.
We introdue an order relation  on the set of funtions representing
quantum Fisher information that renders the set into a lattie with a maximal
and a minimal element. The order relation indues an order relation on the
set of metri adjusted skew informations that renders also this set into a
lattie with the SLD-information as maximal element. There is no minimal
element.
The Wigner-Yanase-Dyson skew informations given by
Iρ(p, A) = −1
2
Tr [ρp, A][ρ1−p, A] 0 < p < 1
are shown to be inreasing in the parameter p with respet to this new order
relation in the interval (0, 1/2] and dereasing in the interval [1/2, 1). There
is thus maximum in the Wigner-Yanase skew information for p = 1/2. More
elementary, the funtion p→ Iρ(p, A) is inreasing in (0, 1/2] and dereasing
in [1/2, 1) for xed ρ and A.
1.1 Basi notations and denitions
The metri adjusted skew information is dened by setting
(1) Icρ(A) =
m(c)
2
Tr i[ρ, A∗]c(Lρ, Rρ)i[ρ, A]
for every positive denite n × n density matrix ρ and every n × n matrix
A. The funtion c of two variables is a so alled regular Morozova-Chentsov
funtion whih may be written on the form
c(x, y) =
1
yf(xy−1)
x, y > 0,
where f is an operator monotone funtion dened on the positive half-axis
with f(1) = 1 satisfying the funtional equation f(t) = tf(t−1) for t > 0. The
regularity ondition means that m(c) = f(0) > 0. The operators Lρ and Rρ
are the ommuting positive denite left- and right- multipliation operators
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by ρ. If we want to emphasize the dependene of the representing operator
monotone funtion f we may also denote the metri adjusted skew informa-
tion by Ifρ (A). The metri adjusted skew information is thus proportional
to the metri length, as measured by the quantum Fisher information, of
the ommutator i[ρ, A]. In the ase of the Wigner-Yanase-Dyson information
this proportionality was already notied in [16℄. The onstant is however im-
portant as it an be hosen suh that the metri adjusted skew information
oinides with the variane on pure states.
We have taitly extended the denition of the metri adjusted skew in-
formation to inlude the ase where A may not be self-adjoint. This does not
diretly make sense in physial appliations, but it turns out to be a useful
mathematial tool. The symmetry of c implies that
(2) Icρ(A + iB) = I
c
ρ(A) + I
c
ρ(B)
for self-adjoint A and B. In partiular, the metri adjusted skew information
is onvex in ρ also for non self-adjoint observables.
1.2 The dynamial unertainty priniple
The basi quantum information inequality is given by
(3) 0 ≤ Icρ(A) ≤ Varρ(A),
where the symmetrized variane
Varρ(A) =
1
2
Trρ(A∗A+ AA∗)− |(TrρA)|2.
The inequality was stated and proved in [9℄ for self-adjoint A by noting that
the metri adjusted skew information is a onvex funtion in ρ while the
ovariane is onave, and that the two measures oinide on pure states.
Gibiliso et al. [2, Proposition 9.2℄ subsequently gave another proof. The
inequality generalizes an earlier result by Luo for the Wigner-Yanase skew
information [13℄. Sine the symmetrized variane satises
Varρ(A + iB) = Varρ(A) + Varρ(B)
for self-adjoint A and B, we immediately obtain the inequality (3) also for
non self-adjoint A.
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The above observations eetively redue the multi-dimensional versions
of the quantum information inequalities given by a number of authors [3℄
to the main inequality (3). Let (A1, . . . , Ak) be a tuple of (possibly non
self-adjoint) matries. We then obtain the inequality
(4)
(
Iρ(Ai, Aj)
)k
i,j=1
≤
(
Covρ(Ai,Aj)
)k
i,j=1
where
Icρ(A,B) =
m(c)
2
Tr i[ρ, A∗]c(Lρ, Rρ)i[ρ, B]
and
Covρ(A,B) =
1
2
Trρ(A∗B + BA∗)− (TrρA∗)(TrρB).
Indeed, we only have to notie the identity
Icρ(ξ1A1 + · · ·+ ξkAk) =
((
Iρ(Ai, Aj)
)k
i,j=1
ξ | ξ
)
, ξ =


ξ1
.
.
.
xk

 ,
for arbitrary omplex numbers ξ1, . . . , ξk, and the similar identity for the
ovariane matrix. This redues the matrix version (4) to the basi quan-
tum information inequality (3). In partiular, we obtain the determinant
inequality
(5) 0 ≤ det
(
Iρ(Ai, Aj)
)k
i,j=1
≤ det
(
Covρ(Ai,Aj)
)k
i,j=1
by the well known formula detA = expTr logA, sine the logarithm is op-
erator monotone
1
. This version has been oined the dynami unertainty
priniple.
2 Inequalities for quantum skew information
We introdue various methods to ompare measures of quantum information
for one observable. The generalization to several observables is then obtained
as explained in the introdution.
1
In fat, the trae funtion A→ Trf(A) is inreasing for any inreasing funtion f.
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The metri adjusted skew information may be written [9, Proposition 3.4℄
on the form
(6) Icρ(A) = TrρA
2 − m(c)
2
TrAdc(Lρ, Rρ)A,
where
dc(x, y) =
x+ y
m(c)
− (x− y)2c(x, y) x, y > 0
is operator onave. Sine dc is homogeneous of degree one we may write
m(c)
2
dc(x, y) = yf˜(xy
−1),
where the funtion
f˜(t) =
f(0)
2
dc(t, 1) =
t+ 1
2
− (t− 1)2 f(0)
2f(t)
.
Sine f˜ is operator onave and dened on the positive half-axis it is also
operator monotone [8℄. With this notation the metri adjusted skew infor-
mation takes the form
(7) Icρ(A) = TrρA
2 − TrARρf˜(LρR−1ρ )A
as it is studied in [14℄.
We begin by providing a more detailed lassiation of the representing
funtions for quantum sher information.
Theorem 2.1. Let f : R+ → R+ be a funtion satisfying
(i) f is operator monotone,
(ii) f(t) = tf(t−1) for all t > 0,
(iii) f(1) = 1.
Then f admits a anonial representation
f(t) =
1 + t
2
exp
∫ 1
0
(λ2 − 1)(1− t)2
(λ+ t)(1 + λt)(1 + λ)2
h(λ) dλ(8)
where the weight funtion h : [0, 1] → [0, 1] is measurable. The equivalene
lass ontaining h is uniquely determined by f. Any funtion on the given
form maps the positive half-axis into itself and satisfy the onditions (i), (ii)
and (iii).
5
Proof. The third author [6, Theorem 1℄ gave an exponential representation
of the funtions f : R+ → R+ satisfying (i) and (ii) of the form
(9) f(t) = eβ
1 + t√
2
exp
∫ 1
0
λ2 − 1
λ2 + 1
· 1 + t
2
(λ+ t)(1 + λt)
h(λ) dλ
where h : [0, 1]→ [0, 1] is measurable and exp β = f(i) exp(−ipi/4). Setting
f(1) = eβ
2√
2
exp
∫ 1
0
λ2 − 1
λ2 + 1
· 2
(λ+ 1)2
h(λ) dλ = 1
and solving for exp β we obtain
f(t) =
1 + t
2
exp
∫ 1
0
λ2 − 1
λ2 + 1
(
1 + t2
(λ+ t)(1 + λt)
− 2
(λ+ 1)2
)
h(λ) dλ
whih redues to the expression in the theorem. The uniqueness of h (up to
equivalene) and the suieny of the ondition follows from the referene.
QED
Following several authors we denote by F
op
the set of funtions harater-
ized in Theorem 2.1. A funtion f ∈ F
op
is said to be regular if its extension
to the losed positive half line satises f(0) > 0. If f ∈ F
op
is regular we set
(10) fˇ(t) =
f(0)
f(t)
and cˇ(x, y) = y−1fˇ(xy−1)
and may write
Ifρ (A) =
1
2
Tr i[ρ, A∗]cˇ(Lρ, Rρ)i[ρ, A].
Notie that cˇ is a symmetri funtion in two positive variables, and that the
metri adjusted skew information Ifρ (A) is inreasing in the transform fˇ , f.
also [3, 4, 5℄.
The representing funtion fp ∈ Fop of the Wigner-Yanase-Dyson skew
information Iρ(p, A) with parameter p is given by
fp(t) = p(1− p) · (t− 1)
2
(tp − 1)(t1−p − 1) 0 < p < 1.
We observe that the transform
fˇp(t) =
(tp − 1)(t1−p − 1)
(t− 1)2 =
t+ 1− (tp + t1−p)
(t− 1)2
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is inreasing in p ∈ (0, 1/2] and dereasing in p ∈ [1/2, 1). It follows that the
Wigner-Yanase-Dyson skew information Iρ(p, A), for xed ρ and A, is an in-
reasing funtion of p in the interval (0, 1/2] and a dereasing funtion of p in
the interval [1/2, 1) with maximum in the Wigner-Yanase skew information.
Proposition 2.2. The transform fˇ of a regular funtion f ∈ F
op
has a
anonial representation
(11) fˇ(t) =
f(0)
f(t)
=
1
(1 + t)
exp
∫ 1
0
t(λ2 − 1)
λ(λ+ t)(1 + λt)
h(λ) dλ,
where the weight funtion h : [0, 1]→ [0, 1] is measurable and
∫ 1
0
h(λ)
λ
dλ <∞.
The equivalene lass ontaining h is uniquely determined by f. Any funtion
on the given form is the transform fˇ of a regular funtion f in F
op
.
Proof. The integrability ondition for a weight funtion h of a regular fun-
tion f ∈ F
op
follows from Theorem 2.1. Furthermore,
f(0) =
1
2
exp
∫ 1
0
(λ2 − 1)
λ(1 + λ)2
h(λ) dλ
and thus
f(0)
f(t)
=
1
(1 + t)
exp
∫ 1
0
(
(λ2 − 1)
λ(1 + λ)2
− (λ
2 − 1)(1− t)2
(λ+ t)(1 + λt)(1 + λ)2
)
h(λ) dλ
whih redues to the expression in the proposition. QED
Sine the integrand in (11) is non-positive, we realize that fˇ and thus the
metri adjusted skew information is dereasing in the weight funtion h.
Denition 2.3. Let f, g ∈ F
op
and set
ϕ(t) =
t+ 1
2
f(t)
g(t)
t > 0.
We write f  g if the funtion ϕ ∈ F
op
.
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The funtion ϕ obviously satisfy ϕ(1) = 1 and ϕ(t) = tϕ(t−1) for t > 0.
The ondition in the denition is thus equivalent to operator monotoniity
of ϕ. Setting
fmin(t) =
2t
t+ 1
and fmax(t) =
1 + t
2
t > 0,
it is known that fmin ≤ f ≤ fmax for every funtion f ∈ Fop. But we realize
that also
(12) fmin  f  fmax for every f ∈ Fop.
This is so sine fmin  f is redued to operator monotoniity of the funtion
t → tf(t)−1, while f  fmax is redued to operator monotoniity of f itself.
Sine as noted ϕ ≤ fmax for ϕ ∈ Fop we realize that
(13) f  g ⇒ f ≤ g for f, g ∈ F
op
.
In partiular, f  g and g  f implies f = g.
Theorem 2.4. The relation  is a partial order relation on F
op
rendering
(F
op
,) into a lattie with fmin as the minimal element and fmax as the
maximal element. Furthermore, if f, g ∈ F
op
then
f  g ⇔ hf ≥ hg a.e.,
where hf and hg respetively are representing funtions of f and g as in
Theorem 2.1.
Proof. The funtion ϕ in Denition 2.3 has the representation
ϕ(t) =
1 + t
2
exp
∫ 1
0
(λ2 − 1)(1− t)2
(λ+ t)(1 + λt)(1 + λ)2
(
hf(λ)− hg(λ)
)
dλ
and is therefore operator monotone, aording to Theorem 2.1, if and only if
0 ≤ hf (λ)− hg(λ) ≤ 1 for almost all λ ∈ [0, 1]. Therefore, f  g if and only
if hf ≥ hg almost everywhere.
It follows that  is an order relation. Indeed, if f1  f2 and f2  f3
then, for representing funtions, hf1 ≥ hf2 and hf2 ≥ hf3 almost everywhere.
Consequently, hf1 ≥ hf3 almost everywhere and thus f1  f3.
For arbitrary f, g ∈ F
op
with representing funtions hf and hg we dene
f∧g as the funtion in F
op
with representing funtionmax{hf , hg}. Similarly,
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we dene f ∨g as the funtion in F
op
with representing funtion min{hf , hg}.
It follows that
f ∧ g  f  f ∨ g and f ∧ g  g  f ∨ g.
If furthermore ψ  f and ψ  g for a ψ ∈ F
op
it follows that ψ  f ∧ g. If
similarly f  ψ and g  ψ it follows that f ∨ g  ψ. Therefore (F
op
,) is a
lattie. QED
Notie that for f, g ∈ F
op
we have the relations
f ∧ g ≤ min{f, g} ≤ f ≤ max{f, g} ≤ f ∨ g,
with a similar statement for g.
We next show that the lattie F
op
is equipped with a natural involution.
Denition 2.5. We dene for f ∈ F
op
the funtion
(14) f ♯(t) =
t
f(t)
t > 0.
It follows from the general theory of operator monotone funtions [8, 2.6.
Corollary℄ that f ♯ is operator monotone, and sine obviously f ♯(1) = 1 and
f ♯(t) = tf ♯(t−1) we realize that also f ♯ ∈ F
op
.
It also follows that f ♯♯ = f and that f(t) = t1/2 is the unique xpoint
of the involution f → f ♯ in F
op
. Furthermore, f  g implies g♯  f ♯ for
funtions f, g ∈ F
op
. We notie that f ♯ is not regular for a regular f ∈ F
op
.
All of these assertions may also be veried by alulating the representing
weight funtions.
Proposition 2.6. Let f ∈ F
op
with representing weight funtion h as in
Theorem 2.1. Then f ♯ ∈ F
op
with representing weight funtion 1− h.
Proof. We rst write
f ♯(t) =
t
f(t)
=
2t
t+ 1
exp
[
−
∫ 1
0
(λ2 − 1)(1− t)2
(λ+ t)(1 + λt)(1 + λ)2
h(λ) dλ
]
and sine fmin(t) = 2t(t+ 1)
−1
has 1 as representing funtion, we obtain
f ♯(t) =
t+ 1
2
exp
∫ 1
0
(λ2 − 1)(1− t)2
(λ+ t)(1 + λt)(1 + λ)2
(1− h(λ)) dλ
and the assertion is proved. QED
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We obtain from Proposition 2.2 and the preeding remarks:
Corollary 2.7. The restrition of the order relation  to the regular part of
F
op
indues an order relation on the set of metri adjusted skew informations.
2.1 Optimality of the Wigner-Yanase information
The order relation on the set of metri adjusted skew informations intro-
dued in Corollary 2.7 is tratable in the sense that we only have to study
and ompare the representing funtions of the assoiated quantum Fisher
informations as they are given in Theorem 2.1.
The funtion fp ∈ Fop representing the Wigner-Yanase-Dyson skew in-
formation with parameter p ∈ (0, 1) has weight funtion
hp(λ) =
1
pi
arctan
(λp + λ1−p) sin ppi
1− λ− (λp − λ1−p) cos ppi 0 < λ < 1,
aording to the representation given in Theorem 2.1, f. [9, Theorem 2.7℄.
Theorem 2.8. The funtions hp(λ) are dereasing in p ∈ (0, 1/2] for any λ
with 0 < λ < 1.
Proof. We onsider a xed λ ∈ (0, 1), set z0 = −λ+ iε for a small ε > 0, and
obtain
hp(λ) = −1
pi
lim
ε→0
fε(p),
where
fε(p) = arg((1− zp0)(1− z1−p0 ))
= arg(1− zp0) + arg(1− z1−p0 ).
Obviously, we have fε(p) = fε(1− p). Thus, to show that fε(p) is inreasing
over the left half [0, 1/2] of the domain, it sues to show that the rst term
arg(1− zp0) is onave in p over the interval [0, 1].
We an show that the funtion g(p) = arg(1 − zp) is onave over [0, 1]
for any z in the lune I = {z : |z| < 1,ℑz > 0}, inluding z0 for suiently
small ε > 0. Sine arg = ℑ log, the seond derivative g′′(p) is given by
g′′(p) = ℑ−z
p(log z)2
(1− zp)2 =
1
p2
ℑ−z
p(log zp)2
(1− zp)2
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and we have to show that this is non-positive for z ∈ I and 0 ≤ p ≤ 1. In
fat, it is enough to do this for p = 1 only, sine for z ∈ I and 0 ≤ p ≤ 1,
then zp ∈ I too.
The imaginary part of a omplex number is non-positive if and only its
omplex argument is between pi and 2pi. Thus we need to show
q(z) = arg
−z(log z)2
(1− z)2 ∈ [pi, 2pi] ∀z ∈ I.
Putting z = r exp(iθ), with 0 < r ≤ 1 and 0 ≤ θ ≤ pi,
q(z) = arg(−z) + 2 arg log z − 2 arg(1− z)
= pi + θ + 2 arctan
θ
log r
+ 2 arctan
r sin θ
1− r cos θ .
For θ = 0 (z real) q(z) is obviously pi. For θ = pi,
q(z) = 2pi + 2 arctan
pi
log r
< 2pi
for 0 < r < 1. We an now show that for xed r, q(z) inreases with θ, whih
implies that q is indeed between pi and 2pi for z ∈ I. The rst derivative is
∂q
∂θ
= 2
log r
(log r)2 + θ2
+
1− r2
1 + r2 − 2r cos θ .
Beause of the inequality cos θ ≥ 1− θ2/2, we obtain a lower bound
∂q
∂θ
≥ 1− r
2
(1− r)2 + rθ2 + 2
log r
(log r)2 + θ2
=
φ(r) log r + θ2ψ(r)
((1− r)2 + rθ2)((log r)2 + θ2)
where
φ(r) = (1− r2) log r + 2(1− r)2,
ψ(r) = 1− r2 + 2r log r.
The rst derivative ψ′(r) = 2(1−r+log r) and the seond derivative ψ′′(r) =
2(1/r−1) is positive. Therefore ψ′ is inreasing and sine ψ′(1) = 0, we derive
11
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Figure 1: p→ hp(λ) for λ = 1/2
that ψ′ is negative and thus ψ is dereasing. But sine ψ(1) = 0, we derive
that ψ(r) ≥ 0 for 0 < r < 1. We furthermore alulate
φ′(r) = −2r log r + 1
r
+ 3r − 4,
φ′′(r) =
1
r2
(r2 − 2r2 log r − 1).
The parenthesis in the expression for φ′′(r) has derivative −4r log r ≥ 0 and
value zero in r = 1. It is thus non-positive, so φ is onave and φ′ therefore
dereasing. Sine φ′(1) = 0 we derive that φ′ ≥ 0, so φ is inreasing and sine
φ(1) = 0, we onlude that φ is non-positive. We have onsequently proved
∂q
∂θ
≥ 0
for 0 < θ < pi and 0 < r < 1, and the proof is omplete. QED
Theorem 2.8 is illustrated by the graph in Figure 1. The graphs for
dierent λ ∈ (0, 1) look very muh alike exept for a hange in units. An
equivalent formulation of the result is that the funtion
ϕ(t) =
t+ 1
2
fp(t)
fq(t)
=
p(1− p)
2q(1− q) ·
(t+ 1)(tq − 1)(t1−q − 1)
(tp − 1)(t1−p − 1) t > 0.
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is operator monotone (and thus belongs to F
op
) for 0 < p ≤ q ≤ 1/2.
We have thus proved that fp  fq for 0 < p ≤ q ≤ 1/2 and fp  fq
for 1/2 ≤ p ≤ q < 1. The Wigner-Yanase skew information is therefore the
maximal element among the Wigner-Yanase-Dyson informations with respet
to the order relation inherited from (F
op
,).
Another example is the variant bridge onsidered in [9℄ with representing
funtions fp ∈ Fop with weight funtions aording to the representation in
Theorem 2.1 given by
hp(λ) =
{
0, λ < 1− p
p, λ ≥ 1− p 0 ≤ p ≤ 1.
This family of weight funtions is dereasing in the parameter p ∈ [0, 1]. The
orresponding quantum Fisher informations are therefore inreasing in the
parameter p and onnets the SLD-metri for p = 0 with the Bures metri
for p = 1, and they are regular for p < 1. The orresponding metri adjusted
skew informations, dened for p ∈ [0, 1), are inreasing with respet to the
order relation  .
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